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(Received April 9, 1990; in final form July 16, 1990)

The elastic theory for nematic liquid crystals is critically analysed. After a review on the variational
calculus formalism, the range of applicability of the Lagrangian method for the solution of practical
problems is discussed. It is underlined that only a limited number of problems can be solved by means
of a variational approach. The role at the Jacobi equation is also discussed. The importance of the non
linear character of the K,;-problem is analyzed in the framework of a simple molecular model. Finally,
the principle of virtual work is applied to the elastic theory of nematic liquid crystals. Our analysis
shows that the K; elastic problem is an ill-posed one, since this problem can only be solved by means
of a variational, or virtual work, approach by modifying the bulk elastic free energy and taking into
account new terms quadratic in the second order deviatives. However it is necessary to remember that,
in the proximity of a surface, a spatial variation of the density and of the scalar order parameter of the
liquid crystal are expected, and hence a true elastic description is no longer possible.

1. INTRODUCTION

Since most physical processes in nature may be formulated in terms of a variational
principle, provided they can be expressed as a set of mathematically simple dif-
ferential equations, it is not surprising that an unwarranted place within the law
of nature has been reserved for such a ‘‘least” theorem.! Thus, Planck claimed the
action principle ‘““to come nearest to the ideal final aim of theoretical research.”

Purpose of the present investigation is to show that in some cases the variational
principle does not work in the elastic theory of liquid crystals.? In particular, we
show that some unclear aspects of this theory are probably due to an uncritical
adoption of the variational approach.® The range of application of the Lagrange
formalism is considered in sect. 2. In sect. 3, the usual variational procedure is
recalled, and the role of the Jacobi equation reconsidered.* In sect. 4, the relevance
of some non-linear terms on the elastic theory of liquid crystals are discussed.’
Finally in sect. 5 the principle of virtual work is applied to the elastic theory of
liquid crystals.

2. VARIATIONAL PRINCIPLES

It is well known that in many branches of physics the solution of a variety of
problems can be greatly simplified if the basic equations can be expressed in the
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form of a variational principle. Fermat’s principle in optics and Hamilton’s principle
in mechanics are two well-known examples.® Classical non relativistic mechanics
is based on Newton’s equations of motion, which hold without any restriction on
the nature of the forces F and their dependence on the coordinate r, their derivative
and time

F = m¥, 1)

where the dot means a derivative with respect to ¢.
An alternative formulation was given by Lagrange.”® His equations

in w0 @
are a consequence of Hamilton’s variational principle

3 f L(r,7,0ydt = 0. (3)

However, Newton’s equations (1) can ordinarily be brought into the form (2) only
if the forces are derivable from a potential energy V, which is a function of r and
t alone, but not of #. In this case the Lagrangian L equals the difference of kinetic
and potential energy. The Lagrange method can be extended to cover velocity and
acceleration dependent forces F for which one can find a function U such that

F=22 - ()

A well known example of such a force is the Lorentz force of electrodynamics. In
such a case L no longer represents the difference of kinetic and potential energy.®

A similar extension of the formalism is possible for certain forces depending on
higher-order derivatives of r. The formalism can also be extended to continuous
systems of fields,'®!! in which case the Euler-Lagrange equations (2) of the vari-
ational principle become partial differential equations.

Variational principles have been applied also to thermodynamics. Historically,
the application of minimal principles to thermodynamics was first undertaken by
Helmoltz,'? who showed that the Lagrangian function for a reversible process is
analogous to the negative Helmoltz free energy. The use of the Lagrangian for-
malism, when possible, allows one to obtain all the conservation laws by simply
analysing the invariance properties of the Lagrangian. This is a consequence of the
Noether’s theorem.!? It should be, however, pointed out that deriving the equilib-
rium equation by a variational principle is not always possible, as discussed by
several authors.!*-'¢ Furthermore, as discussed for the Lorentz’s force, the La-
grangian of the system is not always the kinetic energy minus the potential energy.
More precisely, L must be built through a knowledge of the Newton equations,
and can be used subsequently for further investigations. Another well known ex-
ample of the Lagrangian formalism applied to field theory is represented by the
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electromagnetic field. By starting from the Maxwell equations, the Lagrangian
density is built, and used, e.g., for the quantization of the field.!”

The last two examples show clearly that variational theorems, and this includes
any principle of minimum, are no less and no more than means of summarizing
existing results.

In particular, if minimization of some Lagrangian function leads to absurd results,
this does not mean that the problem has not a solution, but that this solution cannot
be deduced through a variational principle. In this case, it is necessary to solve the
problem starting from Newton’s equations.

3. STATIC THEORY FOR NEMATIC LIQUID CRYSTALS

3.1 Variational Approach

There are several approaches to the formulation of a static theory for nematic
liquid crystals, but the majority begin by assuming a local elastic energy density f
depending on the molecular average orientation n (the so-called nematic director)
and its first spatial derivatives n;; = an,/ox, i.e.

f = fr(nyn.)). (5)
Usually fr is expanded in power of n,; as
fr= Luynig + Lijuixhyn

where L, and L, play the role of “elastic constants,”” as we will show in sect. 4.
In the nematic phase the undistorted configuration corresponds, in the bulk, to a
minimum of f.. Consequently, in the bulk, L, = 0. In the following we limit
ourselves to consider nematic liquid crystals, and hence we neglect L. By decom-
posing L;;, in terms of the elements of symmetry of the nematic phase, routine
calculations allow to write fr in the form

fr = (12)k, (divn)?> + (12)kxn(n-curln)® + (1/2)kss(nxcurln)?
+ (kyp + ky)div(ndiva + nxcurln). (5')

ki1, kx, ki3, and k., are known as Frank’s elastic constants of splay, twist, bend
and saddle-splay respectively. We point out that Equation (5") contains only terms
biquadratic in the first derivatives of n.

In the simplest formulation the actual vectorial field n(r) is deduced by means
of a variational principle. More precisely the basic principle involved in this for-
mulation is that the equilibrium state of the director n(r) is always given by that
director configuration that minimizes the total elastic energy of the system, defined
as

6 = [ [ [ feumpav. ©)
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in the strong anchoring case, i.e. for fixed n on the boundary S of the volume V,
or

G =, [ | remmpav + [ | sumas. ©)

if the surface anchoring energy f(n,) is finite.
This procedure was followed by Oseen!'® and Frank,!® and it is reported in many
books on liquid crystals.?-*' Hence, in this case, n(r) is obtained by imposing that

3G =3 LI ff;(n,.,ni_j)dv = 0.

in the strong anchoring case, or

3G =3 fvf ffp(n,-,n,-.j)dV + 9 f fsfs(ni)dS =0,

in the event of weak anchoring energy f(#,).

In a broader mechanical framework, one can invoke a principle of virtual work,
as done in the pioneering paper of Ericksen.?2 More completely static theory can
be derived as a special case of general dynamic theory, as shown by Ericksen®* and
Leslie.>*

With the above elastic density all approaches essentially yield the same equations,
as it can be easily shown.??

Some years ago Nehring and Saupe,? following Oseen,!® proposed a generali-
zation of the above elastic energy density (5), in which

Ins = f(nbni,jrni,jk) (7

By expanding fys in terms of n,; and n, ; in the hypothesis that n, ; is of the order
of n; ;n; ., one obtains now

Ins = Lanig + L Mign + Lyt n,

Jn

as it will be discussed in sect. 4. As in the case of the f5, in the bulk L, is zero
for nematic liquid crystals. By decomposing again L, and L, in terms of the
elements of symmetry of the nematic phase, fys can be written as

fns = (12)K(diva)? + (1/2)Ky(n-curln)® + (172)Ks(nxcurln)?
+ (Kyp + Ko)div(ndive + nxcurln) + K, sdiv(ndivn).
K, Ky, Ks; and K, are now the elastic constants of splay twist, bend and saddle-

splay respectively. They are connected to Frank’s elastic constants by simple equa-
tions of renormalization involving K3, as discussed in Reference 25. We point out
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that now the previous expression of fys contains terms which are linear in second
order derivatives of #. By indicating again the first four terms in the above expres-
sion for fyg by fr we can rewrite fyg as

fNS(nirni,jrni,jk) = fz-'(”i:ni,j) + Kidiv(ndivn). (7)

This elastic energy density gives a surface contribution depending on the normal
first derivatives of the director.

The elastic theory concerning fys is based up to now only on the variational
approach.?6:27

In some previous papers® we have analysed the influence of the K,; on the
nematic orientation induced by surface treatments or external fields. Our analysis
shows that some published resuits, relative to this subject, must be revised since
the variational problem is ill-posed. In particular Hinov’s boundary conditions®
are not deduced by minimizing the total elastic energy.

In recent papers**—3! Hinov reanalyses the problem, in order to show that his
analysis is consistent, by invoking Jacobi’s equation and the non linear character
of the K 3-term.

Let us now consider Reference 30, in order to discuss the role played by Jacobi’s
equation in a variational problem. In particular we wish to show that the boundary
conditions of the problem connected to the Kj;-term cannot be deduced by a
variational principle without to generalize the elastic free energy.3? The importance
of the non-linear character of the K;,-term on the elastic problem will be discussed
in the next section by using a simple molecular model.

3.2 First and second order variation of a functional

As in Reference 30 let n be the nematic director and 8 the tilt angle between n
and the surface normal. We limit ourselves to consider a planar problem in which
n and 8, depend only on the distance z from the considered point to the limiting
surfaces. We choose a Cartesian reference frame having the z-axis normal to the
boundaries, placed in z; = 0 and z, = d; d is the sample thickness. Furthermore,
by analysing the problem with the variational method, we indicate with 80(z) an
arbitrary function, such that, if 6*(z) is the function minimizing a given functional,
8(z) = 0*(z) + d6(z) is another function close to the 6*(z) in the variational
sense.>!
Let us consider now the usual well known functional.

N0 = | oz, ®

for fixed values of 8 at the boundaries, which implies 86(z,) = 86(z,) = 0. In
Equation 8 the prime means derivation with respect to z. In the elastic problem
relative to nematic liquid crystals, J(8,0') represents the total energy of the nematic
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sample in the strong anchoring case. f(6,8') is then the bulk elastic energy. By
taking into account expressions (7') and (5'), f(6,8") is found to be

f = (1/2)(K11 Slnze + K33 00529)9'2, (7”)

coming from fr, whereas the K,;-term is
d 1 1 ! i3
fi3 = Kiz iz [5 sin(20)0 ]a (7

whose effect will be analysed later.
By putting in (8) 6(z) = 6*(z) + 36(z) and expanding J in power series of 30(z)
up to the second order, one easily obtains

AT = J [(6* + 50,0 + 80') — f(0*,0")dz = (&), + B/, + . ... (9)
where
@), = f [gl(; - %%Lw 30dz, (10)
and

(3)), = L [af (50)2 + 2 " J;, 5050" + 30{1(59 )2 ]e=e~dz' 1an

The derivation of (&/), from Equation 9, as well known, requires and integration
by parts of (9f/90')38’, leading to surface terms. This implies that in Equation 10
are present two other terms of the kind

of of
], - ],

that in our case are identically zero, as follows from the strong anchoring hypothesis.

(8J), is usually called the first variation and (3/), the second variation of J
respectively, since (8J), is of the order of 80, whereas (8J), of the order of (36)2.
The extremizing function 6*(z) is deduced by putting

(8J); = 0, for any 80(z)eC,, (12)

where C, is the class of continuous functions with their continuous first derivative.
Condition (12) gives the well known Euler Lagrange equation. Therefore the sign
of the increment AJ coincides with the sign of (8J),. It is then important to know
if there exists some condition ensuring constancy of sign of the second variation
(8J),, and thus also constancy of sign of the increment AJ in the problem involving
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an extremum. In fact, in this case one can deduce easily if the extremum corresponds
to a maximum or a minimum. This condition is known as Jacobi (Legendre) con-
dition.

3.3 Jacobi’s Equation

For the reader who is not familiar with the variational calculus we recall below
how it is possible to deduce this condition in the case considered. Since in our
hypotheses 88(z,) = 86(z,) = 0, as follows from the fact that 8(z) takes fixed
values at the boundaries, for every w(z) function we have

Iy

f [w'(80) + 2wd050']dz = f = dw(36)?]

= [w(38)’](zz) — [W(80)*](z)) = 0. (13)
Adding the integral (13) to (11) the second variation of J can be written as

), = f {[ 't %] (36)? + 2[w + a—g%]seae' + ;G—Z,C(ae'y}dz. (14)

If it is possible to choose w(z), in such a way that the brace parenthesis appearing
in Equation 14 is transformed into a perfect square, within a multiplying factor,
we can easily analyse the sign of AJ. This is possible if the non linear differential
equation, known as Jacobi equation,

P v i O A W :
[W * an] 87 [aeae' vl (15

has a differential solution w(z) in the range (z,,2,). In this case (8J), can be put
in the form
2
2 9%f (6°f/0000") + w
= —= 330" + 80 —r~>—— d 1
(8-])2 J;l 66'2{ agﬂae,z 2z, ( 6)

and consequently the sign of (8/), coincides with the one of 32f/06'2.

Note that Jacobi’s equation does not fix the functional class of the arbitrary
functions of 86(z), since 86(z) is absent in Equation 15, but it permits to write (8/),
in the form (16).

3.4 Variational approach to the K, -elastic problem

Let us consider now our problem involving K. In this case by substituting f and
fi5 given by (7”) and (7”) in (8) we obtain that the new functional to consider is

Je(2)] = f " (6,62 + (12K fsin[26(2)8" (1) — sin[20(z)]0'(z2),  (17)
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in the strong anchoring case. In the opposite case of weak anchoring in (17) it is
present also the surface anchoring energy coming from the nematic-substrate in-
teraction.® The first variation of (17), after a straightforward calculation, is found
to be

(&), = f [% - d%%]&edz + (12)K,44sin[20(z,)]6'(z,)

1

— sin[20(z,)]86'(z,)}.  (18)

The requirement that (8J), be identically zero for any function 30(z) gives the
Euler-Lagrange equation

I 22, (19)

which must be solved with the boundary conditions
0(zy) = 0,,8(z;) = 0, (20)

Equation 20 follow from the strong anchoring hypotheses (which imply 36(z,) =
36(z,) = 0). Furthermore the condition (8J); = 0 implies also

sin[26(z,)] = sinb(z,)] = 0. 21

since 50'(z,) and 38'(z,) take arbitrary values, independent of 86(z,) or 86(z,), on
the boundary. By observing that Equations 21 are satisfied only for particular values
of 8(z,) and 6(z,), we deduce that Equation 19, which is a second order differential
equation, cannot be solved in general taking into account boundary conditions (20)
and (21). Consequently starting from (17) we cannot deduce the equilibrium equa-
tion by means of a variational principle. This implies that the equilibirum equations
of the problem must be searched in a different way, or that the elastic energy must
be modified in order to have a well posed problem.3?
In recent papers a relation of the kind

80'(z;) = Q, 360(z,), (22)

where Q, is independent of 36(z;), between 86'(z) and 86(z) has been suggested.?®
This is a consequence, according to Reference 29 of the Jacobi equation. But, as
shown above, Jacobi’s equation does not fix the functional form of the arbitrary
functions 36(z); it only tells us when it is possible to determine a w(z) such that
(8J), can be written in the form (16).

A simple example shows clearly that a relation of the kind (22) cannot exist. In
fact if we are analysing a problem in the strong anchoring hypothesis, the arbitrary
functions

80,(z) = p(z — z;)(z = 2)%,

90,(z) = g sinf(z — z,)/d] tg[(z — z,)/d], (23)
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where z, — z, = d, and p and g are two small parameters, represent two possible
variations of 8*(z). It is easy to verify that

80,(z,) = 80:(z,) = 80,(z1) = 36,(z;) = 0, (24)

in agreement with the fact that 8(z,) and 8(z,) are imposed by the strong boundary
conditions, but

89,'(z,) = pd®, 38,'(z;) = 0
88,'(z) = —(g/d)el,
30,'(z,) = (g/d)(tgl)/(cosl) (25)

Equations 25 show that, in general, a relation of the kind (22), does not exist.
Consequently the boundary conditions proposed by Hinov are not deduced by
using a variational approach. In the above analysis we have considered the strong
anchoring case. This problem is important if 8 # 0 or 6 # =/2 on the boundaries,
since in this case the K,;-contribution is non zero. In the general case the problem
is more complicated, but 36(z) remains a true arbitrary function of the same class
of the searched minimizing function. Finally, we note that the presence of the K,
in the elastic energy of nematics introduces some difficulties in the solution of the
problem, if a variational approach is used. These difficulties can be removed if the
elastic energy is modified as discussed recently.??

4. IMPORTANCE OF THE NON LINEAR CHARACTER OF THE
K,;-ELASTIC PROBLEM

4.1 The K, elastic problem and the one constant approximation

Recent papers®*?! on the K ;-effect on the nematic orientation induced by external
fields or surface treatments, have underlined the importance of the non linear
character of the elastic problem. More precisely in these papers®*®*! it is claimed
that, if the elastic density energy of the nematic, given by Equation 7", valid for a
planar and unidimensional problem, reduces to

fr = (1/12)K6"?, (26)
where

K = K;; = Ky, 27
is the common value of the splay and bend elastic constants, then K;3 = 0. Ac-
cording to this point of view, to solve a problem in the one constant approximation

for the bulk, in order to obtain information on the K, effect, is meaningless.30:3!
In this section, following Vertogen’s approach*~3¢ we will obtain some expressions
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for the elastic constants, which show the importance of the different contributions
of the molecular interaction law on the elastic parameters. In particular, we will
show that it is possible to have equal splay and bend elastic constants and in the
same time a K,; different from zero. This is a well known result, obtained in a
special case twenty years ago by Nehring and Saupe.?’

4.2 Molecular interaction energy and elastic energy

Let us consider a generical two-body interaction law g(n,n’,r) between two mol-
ecules, where n and n’ are the directors at points R and R’ respectively and r =
R’ — R. For the sake of simplicitly the system is assumed to possess perfect order
(S = 1, where S is the scalar order parameter), i.e. we assume that the molecular
long axis at a generical point R is in the direction of n(R). We are interested only
in small distortions: n'(R') = n(R) + An(R,r), with |An| << 1. By expanding g
in terms of An, we have

glnn',r) = gln(R).n(R) + An(R,r).1]
= gmnr) + q:(R,r)An(R,r)
+ (12)q(R,r)An(R,n)An(R,r) + 0(3), (28)
where

2

g
on;on;

9:(R1) = [a—g] _sand g;(Rr) = [ ] = qiRn. (29)

on;

If we suppose that the molecular interaction force goes rapidly to zero when |r|
grows, we can write

An(R,r) = n  (R)r, + (12)n, x(R)r;r, + 0(3). (30$)
This gives
An(R,nNAn(R,r) = n, (R)n; .(R)r,r, + 0(3). (31)
By substituting Equations 30 and 31 in Equation 28, we obtain
g(n,n',r) = g(n,n,r) + q(R,Dn (Ruer + (12)[qR,r)n; 4(R)
+ q4(R.0n ((R)n; (R wan,,r? + 0(3),  (32)
where u = r/|r|. The free energy density f is calculated by integrating the above
expression of g over the volume V,, defined by the interaction range ry of the

interaction law and by the molecular dimension r,. The volume V, has not a simple
shape, but it depends on the anisotropy of the molecules and the interaction law.
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For the sake of mathematical simplicity, however, we consider it, in a first ap-
proximation, spherical. Hence

fw = am [ | | gwnnav. )

Using (32), the above expression can be written as
f(R) = fo(R) + Ly (R)n; 1 (R) + Ly (R)1; 4n(R)

+ Lijkn(B)ni,k(B)nj,n(B) + 03), (34)

where
Lu® = a2 [ [ |, aRoueav. 5)
Lin® = 08 [ | | a®ouenrav = Lok, 36)
Liat® = @) | [ || au(®Duarav. 37)

The tensor L,,(R), defined in (37), is symmetric with respect to the first and the
second pairs of indexes

Lijkm(B_) = Liikm(B) = Ljimk(B) = Lijmk(g)' (38)

In (34) the term

@ = [ [ swnnav, (9)

represents the free energy density of the undistorted state.
g depends only on the three rotational invariants made using n, n’ and u, i.e.

gln,n',r) = gl(n-u),(n"-w),(n-n'),r}. (40)

Consequently we can expand g in a Taylor’s series in the following way
gnsn) = =2 Jop )Wy wnn'y (41)

In this expansion, the coupling constants J,, . depend only on the modulus of r
and not on its direction, since the described interaction g must be invariant with
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respect to rotations. By taking into account that the states n and —pn are equivalent,
we deduce

g(nn',r) = g(—n,n',r) = g(n,—n',r), (42)

and consequently (a + ¢), (b + ¢) and (a + b) are even number. Using the
expansion (41), the quantities g(R,r) and ¢,(R,r) defined in (29) become

q{R,1) = =D Jopo (N(-w)(bufn-u)®=" + cn(n-uy], (43)
q;(R,r) = _2 Jone (M) (n-w)ylbd — l)ufu/(ﬁ'ﬁ)b_z

+ be(un; + wn)(n-u)b -t + clc - 1)n,~nj(g-g)b]. (44)

Let us calculate now the second order terms of the free energy density (Equation
34). Since ns; = 1, one obtains

nn;; = 0. (45)

Using this relation and Equations 43 and 44, the free energy density given by
Equation 34 can be written

F = ApMigm + Bionif s + Cippnhti g1 . (46)

where (in the bulk, the volume integration is performed over a spherical volume
Vi)

A = —(U/16m) 3, J(a,b,c)b j L (n )" o~ u, do, (47)
abc ™
B, = —(1/16%) 2, J(a,b,c)c J- L (n-uwtluu,dQ, (48)
abc s

Cixm = —(1/16m) E J(a,b,c)b(b — 1) J'L (nw)y*° 2uuuu,dQ, (49)
abc T

J(a,b,c) = 4wf]a‘b‘c(r)r4dr, (50)

and dQ) is the element of solid angle, when n is the polar axis. Expression 46
coincides with expression 34. Equation 46 gives the elastic energy in terms of n;,
and n, . The coefficients A,,, By, and C;;,, can then be considered as elastic
coefficients.
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4.3 Elastic coefficients and molecular interaction law
The tensors é s é and g , defined in 47, 48 and 49 are symmetric with respect to
all their indexes. These tensors can be expanded, as usual, in terms of the unit
tensor § and n, obtaining
Apm = Ainn, + A(nBy, + mdy, + n,8,), (51)
By, = Bingn,, + B3, (52)
Cumij = Comnttity + G380y + 8iBy + 848,) + Co{myn,,d;

+ B, + Mnd,y + mnd,, + n.ndy + n,nd ), (53)

From 51 it follows that
Ay = (12)(Snnn,Agem — 3nAu),

Ay = (12)(nApe — iy Aign)- (54)

By operating the same way, from 52
B, = (12)(3an,,Bin — Bii),
B, = (112)(By — mhuBiom)s (55)
and finally, from 53
C, = (12)(6nn,Cuy; — S, t;Crpii — Crpi)
Cy = (U8 (mn,nnCrpi + Crpii — 2n,Cry). (56)

It is not necessary to evaluate the term C, because it gives no contributions to the
clastic energy (see Equation 45). By Equation 47, we can write

b
Ak = — (1/4)0,21,,0 Jab,e) —p—7
R Am = —(1/4) Y, J(a,b,c) S (57)
! e g 7 7a+b+3
Then, Equations 54 give
_ bla + b + 2)
A= .(1/4)20 H(@b,c) (@+b+3)a+b+ 1)
A, = —(1/4) D Ja,b,c) b . (58)
2 57 @+ b+ D+ b+ 3)
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From 48, we obtain

By = —(1/4) D J(a,b,c)

a,b,c +b+1

nn, B, = —(1/4) 2 J(a,b,c) (59)

+b+3

and substituting B, and n,n;B,; in 55:

_ c(a + b)
B, = (1/4)a_2g,,c J(a.b.c) (a+b+3)a+b+1y

C
(@a+b+3)a+b+1)

B, = —(1/4) >, J(a,b,c) (60)

From 49, we deduce furthermore

Co = ~(19) 3, Jabo) oL,

b — 1)

i, Cory = —(1/4)2 Jabe) ———7

b(b — 1)

a+b+3 (61)

R Crmyy = — (1/4) Eb: J{a,b,c)

and, from 56, we have

bb — 1)(a + b — 2)

= (@+b+3)a+b+1a+b-1)

-4 Ia, b;c)
a,b,c

b(b — 1)

G @+b+3)a+b+h@+b-1y

—(1/4) 53‘, J(a,b,c) (62)

Now, using Equation 51, it follows that
ApNigm = —3A,(divn)? — Ay(n-curln)® — (A, + A,)(nxcurln)?
+ Aydiv(ndivn + nxcurln) + 2A,div(ndivn). (63)
and, by Equation 52, we can write
Bty oy = — By(divn)? — By(n- curin)?

— (B, + By)(nxcurin)?> + B,div(ndivn + nxcurln) (64)
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Finally, from 53, we obtain
Chomijtti xltm = 3Cs(divny®+ Ci(n-curin)?
+ (C, + Cy)(nxcurin)* — 2Csdiv(ndivn + nxcurln).  (65)

4.4 Nehring—Saupe elastic energy density

We can now rewrite the elastic energy given by Equation 46 in the standard form,
in which only divn, n-curin and nxcurin appear. By adding Equations 63, 64 and
65, we have

f = (112) {K,(divn)* + Ky(n-curln)* + K;s(nxcurln)?
+ Kydiv(ndivn) + (K + Ky)div(ndive + nxcurln),  (66)
where
Ky, = 2(-3A, — B, + 3Gy),

Ky = 2('142 - B, + C3),

e
1

2(—-A, - A, — B, — B, + C, + Cy),
Ky =24, Ky + Kyy = —Ay, + B, — 2C;. (67)

From Equation 67, using Equation 58, 60 and 62, we can derive the usual nematic
elastic constants:

_ J(a,b,c) ab
K = (1/2),,%(‘1 +b+ 1)a+b +3){3a Th+ 1 C}

N J(a,b,c) ab
KZZ—(l/z)agfc(a-kb+a+1)(a+b+3){a+b— 1 +C}

K, = (12) S, J@b) { ab +c} (68)

apca+b+3la+b+1

for the bulk, firstly given by Vertogen,** and

b
Kis = _(1/2),,% H@b.c) @+ b+ @+ b+ 3) (69)
3b + ¢
Koo + Ko = (1/4)‘,.21),6 J@b.0) (@a+b+1a+b+3) (70)

for the divergence terms.
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Therefore if the molecular interaction law is known, we are able, by means of
Equations 50, 68, 69 and 70, to calculate immediately all the relevant elastic con-
stants.

The obtained relations show that K, is different from zero, whenever that the
interaction law depends on (n-u), as discussed in a separate paper.®

In the case of the induced-dipole induced-dipole interaction analysed by Nehring
and Saupe, g(n,n’,r) is

g =JNBE-wr u — (n-n)P,

where J(r) = C/r.° By writing g in the form

g =Jl(n-n'y - 6(n-u)n w)n-n') + 9n-uw(n" uy,

we have*

J(a,b,c) = J[8,08,002 — 68,18,8.; + 98,,8,,9.0],

where

J=dg J: J(ryr‘dr.

We can now easily evaluate the sum appearing in Equations 68, 69, and 70 to
obtain

K, = Ky = (121)J, Ky = (11/105)J, Ky3 = —(2/35)J.

These equations show that, in this case splay and bend elastic constants are equal,
and K,, is different from zero.’” Hence the non linear character of the energy
density is not a fundamental characteristic of the K;-elastic problem. It follows
that the variational problem, when the K,; energy term is present and the energy
density is the usual one, is ill posed. Consequently the proposed boundary con-
ditions relative to this variational problem?-?7 are not correct and must be revised,
even if Hinov claims that they work well.

5. ON THE VIRTUAL WORK PRINCIPLE

5.1 Basic Ipotheses

In this section the virtual work principle is recalled, and later applied to the Ki,-
elastic problem.

Let us consider a nematic sample of volume V, bounded by a surface S. Let fr
= fin,n;;) be the usual volume elastic energy density, and f, = f{n,) the surface
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elastic energy density. The total elastic energy of the sample is given by Equation
6', which we rewrite as

G=ffvijdV+fosds=Gv+Gs.

Let us suppose now that by means of some external forces or torques the following
deformations are induced on the sampie

Y x,—x; = x + dx,
2) n(x) = ni(x') = nfx) + dn(x,x")
3) n(x) = (n;)) = nx) + 8(n)(x,x'). (71)

Consequently the bulk and surface elastic energy densities become, at the first
order in the deformations,

fr= fi = felni + dnyn; + 8(n, )] = fr + Ydn, + Z,3(n, ), (72)
fi= fi = fn + 0n;) = f + ydn, (73)

where
Y, = dfplon, Z; = offa(n; ), y, = of lom;. (74)

It follows that after application of the external forces and torques G is
o =[] [pav + [[ ras = G + @, (15)

where V' and §' are the volume and surface of the sample in the deformed state.

5.2 Bulk and surface variations of the elastic energy

Let us consider first the volume term appearing in Equation 75. By taking into
account Equation 72 routine calculations give

@y =[] [rav =[] [tre+ von + zpmpwemav. o6

where

J(x'/x) = det(oxjlox,) = det(x),), 77
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is the Jacobian of the transformation (71-1).* Since, as follows from (71-1),
Xix = 8 + (3x;);, at the first order in the variations, J(x'/x) is found to be

Jx'lx) =1 + (dx) . (78)
Hence
SGV = (Gv); - GV - ffvj [Y,Bni + Z,}S(n,}) + f‘c(ﬁx;)_;]dv. (79)
Note that 8(n, ;) # (3n;);, i.€. 8 and 9/dx; do not commute: [3,d/0x;] # 0. In fact,
as it is easy to verify,
3(n;;) = (dm); — n(Bxy) . (80)
Equation 80 shows that only if dx, = 0, it is possible to interchange the operators
8 and d/dx;. For this reason it is useful to introduce another variation operator &*
of the parameter characterizing the elastic deformation in the following way:
Bn(x,x') = nix) — nx) = mpx, + 8n,. (81)
The quantity
ni(x") — njx) ~ n, Bx;, (82)

takes into account the director variation coming only from the spatial displacement
(x' = x + 8x), whereas

ni(x) — m) = d*n ), (83)

takes into account only the rotation of n, at a fixed spatial position. By operating
in the same way it is also possible to write

8(”:‘,,‘) = ni.jksxk + 8*(ni.j)~ (84)
where now
5*('1,'.;‘) = (a*ni),js (85)

i.e. 8* and 9/dx; commute, as it is easy to verify.
By taking into account 81 and 84, a straightforward calculation gives

3Gy, = _f J’vj [(Zij.j_Yi)Sni - (ij.j — fri)dxJdVv

+ IL [Zdn; — (Xy — frdy)dx NS, (86)
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where
Xy = Zijhig (87)
and N is the unit vector normal to § in a given point. Let us consider now the

surface contribution to the total elastic energy, Gy. In the deformed situation (G)’
is found to be®

@ = | [ ras = [ [ 1+ yonbeme.NaNgwds.  69)

where Equation 73 has been taken into account and furthermore the dS’ has been
transformed in the usual way in order to have an integration over the old surface
S. Routine calculations give for 8G; = (G,)’ — G, the expression

dGy = JLD’;&’% + £i(3; — NN)(dx)) 1dS. (89)

5.3 Bulk equilibrium equations, and boundary conditions

The total variation of the elastic energy is found by adding Equations 86 and 89.
In this way 3G is found to be

0G = 3Gy + 3Gy = — J’JVJ' [(Zij,f - Y)on, — (ij.j = fra)dx]dV

+ JJ [(Z;N; + y)dn; — (Xy; — fd)dxe + fi(B; — NiN)(Bx)) JdS.  (90)

Starting by Equation 90 it is possible to assume a principle of virtual work of the
form

*G = fjvf (cdx; + ddn)dV + JL [adx; + bdn, + e,(3x),]ldS, (91)

which is equivalent to assume the differntial equations of equilibrium

)d +2Z,—Y, =0,

i
2) ~(Xyy — fra) + ¢ =0, (92)
with the boundary conditions

1) b, = Z;N; + y;,

L

2) a; = _(ij - fFSkj)Nk’

3) e; = fi(d; — NiN)). (93)
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In the event that dx; = 0 and 8n; = ¢,,,w,,n, = 8*n;, 3G given by Equation 90
reduces to the one that it is possible to deduce by means of the variational analysis.
In this case d; coincide with the torque bulk density and b; with the surface torque
density connected to external fields. In this subcase Equations 92-2 and 93-2, 93-
3 are not important, and the basic equation of the elastic problem are Equations
92-1 and 93-1, as well known.

In the unidimensional case, 92-1 reduces to a second order differential equation
in the angle characterizing the director orientation. The boundary conditions 93-1
reduce to two conditions on the above mentioned angle on the planes limiting the
sample. The problem is then well posed and admits continuous solution.

5.4 Virtual work principle and K,,-elastic program

Let us consider now, in the general frame of Equation 71, the presence of the K-
term. In this case the surface contribution of G contains the usual G, and further-
more the term G;3 = [ [ Ki3(n; ;)nN,dS, obtained by means of Gauss’ theorem.
Routine calculations give now for the 8G the expression

8G = 8G, + 3G, + 3G

- - f fv f (Zy; — Y)on, — (Xiy; — fra)dxedV + f L {(ZN;

+ y: + K N)dn, + KisnNd(ny ) — (X — frdy,)0x,

]

+ [fi(8; — N:N) + Kpng ((nN,3; — mN)I(3x) }dS, (94)

instead of Equation 90.

Since in Equation 94 is present, in the surface contribution, a term in 8(n; ) it
is no longer possible to assume a principle of virtual work of the form Equation
91. Equation 91 must be modified in the form

3G = JJV f (cdx; + ddn)dV

+ f L [adx; + bdn, + e,(8x), + 3(n;)|dS. (95)

It follows that the bulk equations (92) do not change, whereas the boundary con-
ditions (93) contain another equation of the kind

t = Ky, (96)

The existence of Equation 96 implies that the problem is now ill-posed. In fact
since in the previous case (where the K,; was not considered) the problem has a
well defined solution, the boundary conditions (93) allow one to solve the bulk
equations (92). On the contrary when the K ;-term is considered the supplementary
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boundary condition (96) must be satisfied: consequently either Equation 96 is
identically satisfied, or the problem is impossible. In the first case ¢+ must be iden-
tically equal to K;3n,;N,, i.e. it is not connected to external forces or torques, and
this is not consistent with our hypothesis, that f be due only to external actions.
Hence the K ; problem is not a well posed problem, even if the principle of virtual
work is invoked.

6. CONCLUSIONS

In this paper a review of the variational calculus formalism has been given. The
range of applicability of the Lagrangian formalism to solve practical problems has
been discussed, underlining in particular that only some problems can be solved
by means of a variational approach. If some absurd results obtained by solving a
given problem with a variational technique are obtained, this only means that the
approach used does not work in this case. The well known K;-problem is of this
kind since, by solving the Euler-Lagrange equation, which is a differential second
order equation, it is necessary to satisfy four boundary conditions, since 80 and
80’ are undependent quantities at the boundary.

Consequently, if one wishes to apply the variational approach, the elastic energy
density must be modified, as recently discussed.*? In this case a sharp variation of
the tilt angle near to the boundary is expected. This “‘surface variation” is inde-
pendent of the new terms which are introduced in the elastic energy in order to
have a well posed variational problem.* This fact suggests that alternative pro-
cedure may yield similar results.

The role of the Jacobi equation has also been discussed, pointing out that it is
not an equation for the arbitrary function 86, but a condition to write in a particular
manner the second variation of a given functional. Finally the importance of the
non linear character of the K ;-problem is discussed by using a simple molecular
model. In this way we have shown that it is possible to have the splay elastic
constant equal to the bend one, and in the same time a K5 # 0. This fact shows
that recent results must be completely revised. Furthermore the principle of virtual
work has been applied to the elastic theory of nematic liquid crystals. In this way
we have shown that the K,;-elastic problem cannot be solved even in this frame-
work, if the bulk energy density is not modified.

References

1. W. Yourgran and S. Mandelstam, “Variational Principles in Dynamics and Quantum Theory™,
London 1956.

. P. G. de Gennes, “The Physics of Liquid Crystals”, Clarendon Press 1974.

. C. Oldano and G. Barbero, Phys. Lett. A, 110A, 213 (1985).

. L. Elsogts, “Differential Equations and the Calculus of Variations” MIR, Moscow (1980).

. H. Hinov and A. I. Derzhanski, J. de Phys., 40, C3-105 (1979).

. R. B. Feynman and M. Sands Leighton, The Feynman Lectures on Physics sect. 19, 2, Addison
Wesley 1963.

7. J. L. Lagrange, Mécanique analytique, Paris 1788.

8. L. Landau and I. M. Lifshictz, ““Mécanique”, MIR (Moscow) (1976).

9. H. Goldstein, “Classical Méchanics”, Cambridge, Mass, (1950).

[= TP RV )



Downloaded by [Tomsk State University of Control Systems and Radio] at 10:16 19 February 2013

220

10
11

G. BARBERO

L. Landau and I. M. Lifshictz, “Theorie des champs™, MIR (Moscw) (1976).
N. N. Bogolioubov and D. V. Chirov, “Introduction & la theorie quantique des champs™ Dunod
(Paris) (1960).

. H. Helmoltz, Crelle’s Journ., 100, 137 (1886).
. E. Noether, Nachr. Akad. Wiss. Gottingen, Math. Phys. KI, 235 (1918) and R. S. Akopyan and

B. Ya. Zel'dovich, JETP 56, 1239 (1983) for the application of this theorem to liquid crystals.

. P. Havas, Phys. Rev., 83, 224 (1951).

. H. Helmoltz, Journ. f.d. reine u angew. Math. 100, 137 (1887).

. E. Gerjoury, A. R. P. Rau and L. Spruch, Rev. of Modern Physics, 55, 725 (1983).

. C. Cohen-Tannoudji, J. Dupont-Roc and G. Grynberg, ‘‘Photons et atomes™ Inter Editions (Paris),

(1987).

. C. W. Oseen, Trans. Faraday Soc., 29, 883 (1933).
. F. C. Frank, Disc. Faraday Soc., 25, 19 (1958).
. G. Vertogen and W. H. de Jeu, “Thermotropic Liquid Crystals, Fundamentals”, Springer-Verlag

(1988).

. E. B. Priestley, P. G. Wojtowicz and Ping Sheng, “Introduction to Liquid Crystals™, New York,

Plenum Press (1975).

. J. L. Ericksen, Trans. of the Society of Reology, V, 23 (1961).
. J. L. Ericksen, Archs. ration. Mech. Analysis, 9, 371 (1962).
. F. M. Leslie, Archs. ration. Mech. Analysis, 28, 265 (1968); J. Phys. D: Appl. Phys., 3, 889 (1970);

Phil. Trans. R. Soc. Lond. A, 309, 955 (1983).

. J. Nehring and A. Saupe, J. Chem. Phys., 54, 337 (1971).

. A. L. Derzhanski and H. P. Hinov, Phys. Lett. 56A, 465 (1976).

. H. P. Hinov, J. Physique Leu., 38, 215 (1977).

. G. Barbero, C. Oldano, Il Nuovo Cimenio, 6D, 479 (1985); C. Oldano and G. Barbero, J. Phys.

Letr.. 46, 451 (1985); G. Barbero and C. Oldano, Mol. Cryst. Liq. Cryst., 168, 1 (1989).

. H. P. Hinov, Mol. Cryst. Lig. Cryst., 148, 197 (1987).

. H. P. Hinov, Mol. Cryst. Lig. Cryst., 168, 7 (1989).

. H. P. Hinov, Mol. Cryst. Lig. Cryst., 178, 53 (1990).

. G. Barbero, N. V Madhusudana and C. Oldano, J. de Phys., 50, 2263 (1989).

. V. Smirnov, “Course de Mathematiques supericures”, Tome IV, Premiére partie p. 211, MIR

(Moscow) (1975).

. G. Vertogen, Physica, 117A, 227 (1983), and Phys. Let., 89A, 448 (1983).

. G. Vertogen, S. D. Flapper and C. Dullemond, J. Chem. Phys., 76, 616 (1982).

. G. Gover and G. Vertogen, Phys. Rev., A30, 1398 (1984) and Lig. Cryst. 2, 31 (1987).

. J. Nehring and A. Saupe, J. Chem. Phys., §6, 5527 (1972).

. G. Barbero and C. Oldano, Mol. Cryst. Lig. Cryst., 170, 99 (1989).

. D. F. Nelson, “Electric, Optic and Acoustic Interactions in Dielectrics”, John Wiley and Sons

(1979), p. 38.





